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Abstract

The Lagrangian and Hamiltonian for series RLC circuit has been formulated.
We use the analogical concept of classical mechanics with electrical quantity.
The analogy is as follow mass, position, spring constant, velocity, and damp-
ing constant corresponding with inductance, charge, the reciprocal of capac-
itance, electric current, and resistance respectively. We find the Lagrangian
for the LC, RL, RC, and RLC circuit by using the analogy and find the ki-
netic and potential energy. First, we formulate the Lagrangian of the system.
Second, we construct the Hamiltonian of the system by using the Legendre
transformation of the Lagrangian. The results indicate that the Hamiltonian
is the total energy of the system which means the equation of constraints is
time independent. In addition, the Hamiltonian of overdamping and critical

damping oscillation is distinguished by a certain factor.
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1 Introduction

Lagrangian and Hamiltonian are topics part of analytical mechanics or classical
mechanicscourse that s studied in the second or third year of the undergradute physics
program.Some advantages are obtained when using Lagrangian and Hamiltonian
formalismto solve the mechanical problems. The Lagrangian and Hamiltonian
formalism solve mechanicalproblems using the energy of the system, which is a scalar
quantity. Differentfrom Newtonian mechanics which solve the mechanical problem
using force, which is avector quantity [1].

The RLC circuit is studied as part of the electricity and magnetism course by physics
students as well as physics education students. The problem discussed in physics
textbooks about the properties of electric currents and the potential difference or voltage
that are in the electronic devices on the circuit [2]. Moreover, the RLC circuit becomes
an example in the differential equations subtopics in the mathematical physics
course [3]. However, the RLC circuit is not only limited to the topic of electricity or
solving differential equations. Current RLC research is now heading toward the
quantum level. This is due to the rapid development of nanotechnology so that nano-
sized electronic devices are being developed. Theoretical research about nanoelectronic
science has been conducted and has result in quantum transport, computational
nanoelectronics, new device concepts, and novel transport physical phenomena found in
small structures [4]. The quantum mechanics of the RLC circuit which obtained the
approximation of energy eigenvalues in terms of a dimensionless parameter has also
been studied [5].

One of the methods to quantize the RLC circuit is using the Hamiltonian formalism.
For example, using Cardirola-Kanai Hamiltonian and quantum invariant method to
solve the Schrdinger equation for the RLC circuit [6]. For advance, there is also a
research quantum mechanical effect of the underdamped, critically damped, and
overdamped electric circuits with a power source using a time dependent Hamiltonian
operator [7].

This research aims to formulate the Hamiltonian extension for the series RLC circuit

without emf source, which is the simple case. We formulate the Hamiltonian by using
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the Legendre transformation of the Lagrangian from [8]. In addition, for educational
purpose, this research enriches classical mechanics learning materials based on the

lecturer’ research.

2 Reasearch Methodology

We formulate the Hamiltonian theoretically based on the Lagrangian from [8]. First,
we formulate the Lagrangian of series RLC circuits by using the analogy between

classical mechanics with electrical quantity [9]. These analogies are shown in Table 1.

Table 1. Analogy between mechanical quantity and electrical quantity

Mechanical Quantity Electrical Quantity
mass (m) inductance (L)
position (x) charge (Q)
spring constant (k) reciprocal of capacitance (1/C)
velocity (v) electric current (1)
damping constant () resistance (R)

Second, we construct the Hamiltonian of the system by using the Legendre
transformation of the Lagrangian. After that, we check the Hamiltonian whether it is the
total energy of the system or not. The limitation of this research is the series electric

circuit without emf (electric source). That is why this research is a simple case.

3 Results and Discussion

In this section, we present our research results and discussion about Lagrangian and
Hamiltonian approaches for the problem.
3.1 Lagrangian

Here we will formulate the Lagrangian of the series electric circuit, such as: LC, RL,
RC, and RLC circuit.

LC Circuit

To formulate the Lagrangian, first, we have to solve the differential equation of

Kirchhoffs rule for series LC circuit without emf source as follow
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d? 1
d_tczz N % _o, (1)
which has a solution for discharging capacitor
q = Qoe™"*", (2)
with Q, is initial capacitance and w
. 3)
w = E

To find the Lagrangian of the system, we first look for kinetic and potential energy.

We use the analogy in Table 1, so the kinetic energy for LC circuit (TLC) is

1 1 .
TLC = —qu = — —La)nge_let, (4)
2 2
and the potential energy for LC circuit (VLC) is
1 1 (%)

_ 2 _ _— n2,-2iwt

Therefore, the Lagrangian (we use L for Lagrangian notation to prevent confusion with

inductance symbol) is

1 1 (6)
LLC = —EQ(Z,e Ziwt (sz + E)

RL Circuit
We assume that the initial current that flows in the RL circuit is 10. Then, the differ-

ential equation for the series RL circuit is

dl
L—+RI =0, 0
dt

which has a solution
[ = Iye R/L, 8

We know that current is the derivative of charge to time which in mechanical quantity

analog to velocity (v). So, the kinetic energy for RL circuit is

1o - (©)
Try = 5 Lige 2RE/L,

and we assume that RL circuit does not have potential energy because there is no
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capacitance. Therefore, the Lagrangian for the RL circuit is
(10)

1
Lp, = ELIOZe—ZRt/L.

RC Circuit

The differential equation for the series RC circuit with Q _0 as the initial charge of the

capacitor is
dg q (11)
R—+—==0,
dt + C
which has a solution
q= Qoe_t/RC_ (12)

We know that the kinetic energy is 1/2mv? and from Table 1 mass has analogy as
inductance (L). However, because there is no inductance in the RC circuit, the RC
circuit does not have kinetic energy. The potential energy for RC circuit is
Therefore, the Lagrangian for the RC circuit is

1 (14)

Lgrc = C Qo e2H/RE,

RLC Circuit

The differential equation for series RLC circuit is
d’q Rdq q _ 0 (15)
dt2 " Ldt LC

This equation is analog with damped harmonic oscillation. Then we define

R (16)
Yy = i )
and
[ (17)
o= I1c

where y and w, as damping factor and natural frequency respectively. So equation (15)

can be written as
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d’q dq (18)
F‘FZ}/E-FO)%C[ =0,
which has a general solution
q = Kie= 0=t 4 K e~ DL, (19)

where

A= /yz — wg. (20)

There are three possibilities: overdamping, critical damping, and underdamping.
a) Overdamping
The overdamping will occur if 2 > 0. Equation (19) for the overdamping case is

q= Qoe_(y+’1)t, (21)

where Q, is the initial charge in the capacitor. The Kinetic energy is

1 _ 22
Tover = 5 L(y + 1)?Q§e 202", 2
and the potential energy is
1 _ 23
Vover = iQOze Z(Y+/Dt- ( )
Therefore, the Lagrangian for the overdamping case is
(24)

_ 1 1
Lover = ﬁQge_z(y—M)t L(V + /1)2 - E]

b) Critical damping
The condition for critical damping oscillation is A = 0. Then equation (19) for
critical damping case is
q = Qe " (25)
The kinetic energy is

1 ) 26
Tcrit = EL)/ZQSQ 2yt’ ( )

and the potential energy is
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1 _ 27
Verit = EQ%e 2rt, (@7)
So, the Lagrangian for the critical damping case is
(28)

_ 1 1
Leric = EQge_zyt (Lyz - E)

¢) Under damping
The under damping will occur if A < 0. Then equation (19) for under damping case

is
q = e "*(Acos(at — 6,)), (29)
where
1 R? (30)
«= o~V = ez

We choose 6, = 0°and A = Q, then equation (29) becomes

q = e "tQqcos(at). (31)
The Kinetic energy is
1 2
Tunder = ELQSe‘ZVt [ycos(at) + asin(at)]?, (32)
and the potential energy is
1
Vinder = —e_ZVthCOSZ(a{t). (33)
2C
Therefore, the Lagrangian for under damping case is
_ (34)

1 1
Lunder = > Qe 21t [L [ycos(at) + asin(at)]? — Ecosz(at)].

3.2 Hamiltonian

In this subsection, we will derive the Hamiltonian of each electric circuit.
Hamiltonian can be formulated by using Legendre transformation from Lagrangian as
follow [10]
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C (35)
H = z paéIa - L(ql' LLLR] qou C'h, ey C.Ia; t);
a=1

where p, and g, are the generalized momenta and generalized coordinates respectively.

After some calculations, we find the Hamiltonian for all electric circuit are as follows:

Hy = 5 Qe (La), (30)

Hpy, = %nge‘ZRt/L, (37)

Hie = 5= Qg% 2417, (38)

Hyyer = %Qge—z(ywl)t [L(y )+ %]’ (39)
Hose = 3 Qe Ly + 7] (40)

(41)

L, 2yt : , 1
Hynder = EQOe L[ycos(at) + asin(at)] — Ecos (at)].

3.3 Discussions

This research aims to formulate the Hamiltonian extension for the series RLC circuit
without emf source. So this research is the simple case because without emf source. If
we include the emf source, the equation become the driven case with the emf source
become the driven factor [11]. From the results above, we find that the Hamiltonian for
LC, RL, RC, and RLC circuits (equations (36)-(41)) are the total energy of the systems.
That is kinetic energy plus potential energy. We also find that the Hamiltonian of the

RL circuit is the same as the Lagrangian. The Hamiltonian of overdamping and critical
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damping is distinguished by a certain factor. For further research, we can quantize the
RLC circuit by using the Poisson bracket and using these Hamiltonians.

In addition, this simple case research can be easily followed by students that learn
analytical mechanics. In Lagrange and Hamilton mechanics learning material, the
students usually deal with complex mechanics problem. With this research, students
know that Lagrange and Hamilton mechanics are not only used to solve mechanical
problems. This also can be used to solve in the case of electricity problems. So this

research can be an additional material in analytic mechanics course.

4 Conclusion

This research aims to formulate the Hamiltonian extension for the series RLC circuit
without emf source. So this research is the simple case because without emf source. If
we include the emf source, the equation become the driven case with the emf source
become the driven factor [11]. From the results above, we find that the Hamiltonian for
LC, RL, RC, and RLC circuits (equations (36)-(41)) are the total energy of the systems.
That is kinetic energy plus potential energy. We also find that the Hamiltonian of the
RL circuit is the same as the Lagrangian. The Hamiltonian of overdamping and critical
damping is distinguished by a certain factor. For further research, we can quantize the
RLC circuit by using the Poisson bracket and using these Hamiltonians.

In addition, this simple case research can be easily followed by students that learn an-
alytical mechanics. In Lagrange and Hamilton mechanics learning material, the students
usually deal with complex mechanics problem. With this research, students know that
Lagrange and Hamilton mechanics are not only used to solve mechanical problems.
This also can be used to solve in the case of electricity problems. So this research can be

an additional material in analytic mechanics course.
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